This paper investigates the concept of capturing small near-Earth asteroids into bound periodic orbits at the Sun-Earth L1 and L2 points using momentum exchange. A small asteroid is first maneuvered to engineer a fly-by with a larger asteroid. Two strategies are then considered: when the small asteroid approaches the vicinity of the large asteroid, it will either impact the large asteroid or connect to it with a tether. In both strategies, momentum exchange can be used to effect the capture of one of the asteroids. Then, a two-impulse Lambert arc is utilized to design a post-encounter transfer trajectory to the stable manifolds of the Sun-Earth L1 or L2 points. A selection strategy for candidate asteroids is proposed by considering both the deflection windows for capturing asteroids and the size of the asteroids.
EAR Earth Asteroids offers both a threat and an opportunity. On one hand, they represent a (small) potential threat due to planetary impact resulting in regional or global disaster. On the other hand, they also offer abundant resources to support the long-term human exploration of space and the future development of the solar system.
Near Earth asteroids typically have orbits that lie partly between 0.983 and 1.3 AU from the Sun [1] . Therefore, they present the closest potential threats for Earth impact and the easiest targets both to reach from the Earth and to capture at the Earth. To capture asteroids with low energy, Yá rnoz et al. [2] recently identified a new family of asteroids, termed easily retrievable objects. Easily retrievable objects are asteroids which can be gravitationally captured into bound periodic orbits around the Sun-Earth L1 and L2 points with a total cost of less than 500 m/s. A two impulsive Lambert arc was utilized to design the transfer trajectory from the candidate easily retrievable object's initial orbit to the stable manifold associated with the target periodic orbit. Furthermore, Mingotti et al. [3] employed low thrust to capture easily retrievable objects into periodic orbits around the Sun-Earth L1 and L2 points.
Moreover, Sá nchez and Yá rnoz [4] updated the list of easily retrievable objects and estimated the largest retrievable mass possible to investigate the feasibility of asteroid resource utilization. As the catalogue of asteroids is updated with further observations, it is likely that more easily retrievable objects will be found in the future.
The Earth-Moon L1 and L2 points have been regarded as two of the preferred positions to place captured asteroids. This is because spacecraft in vicinity of the Earth-Moon L1 and L2 points can easily reach the Moon, Earth and Sun-Earth L1 and L2 points. Moreover, if a mission capturing asteroids at the Earth-Moon L1 or L2 points fails, the captured asteroid would possibly impact the Moon and thus may reduce the probability of asteroid impact with the Earth [5] . NASA has proposed a near-Earth asteroid retrieval mission to capture an asteroid, or part of an asteroid, and place it in a lunar distant retrograde orbit [5, 6] . The bi-circular restricted three-body problem model, N 4 which couples together the Sun-Earth and Earth-Moon circular restricted three-body problems, has been used to investigate the capture of asteroids into periodic orbits in the Earth-Moon system [7] . Among the asteroids, the temporarily captured asteroids have also been regarded as attractive candidates for the near-Earth asteroid retrieval mission [8] .
Momentum exchange theory can be used as a strategy to achieve maneuvers or redirect target bodies by transporting the momentum from one object to the target [9, 10] . Generally speaking, this technique can be classified into instantaneous momentum exchange and slow momentum exchange techniques. Slow momentum exchange techniques can provide continuous maneuvers and has been studied extensively for asteroid deflection using the gravity tractor or ion-beam shepherding [11] [12] [13] . One the other hand, instantaneous momentum exchange is usually utilized to generate a single impulse and has also been widely applied to research on asteroids, including asteroid deflection by impactors and tether-assist [14] [15] [16] [17] [18] . In this paper, we only focus on the instantaneous momentum exchange technique. Among the many deflection techniques, the kinetic impactor appears to be feasible with current technology. In this deflection strategy, a spacecraft with a kinetic impactor is first guided to directly impact a target asteroid at a sufficiently high velocity such that the momentum of the impactor is transferred to the target asteroid, causing a modification of the target asteroid's orbit with respect to its unperturbed orbit. In fact, only a modest perturbation to the target asteroid's original orbit is sufficient to achieve desired useful deflections, provided that the warning time is sufficiently long [15] . However, if the warning time is short, a large momentum transfer is required. A means of improving momentum transfer through engineering a 'billiard shot' asteroid collision has been proposed by Canavan and Rather [19] . The key idea of this method is to use a small asteroid to impact a large asteroid for deflection. In this deflection strategy, a spacecraft is first guided to impact on a small asteroid, which is then delivered to approach a large target asteroid. The trajectory of the large target asteroid is then deflected through collision with the small asteroid. Furthermore, a way of improving the efficiency of this deflection strategy has been proposed [20] , through placing the small asteroid onto an Earth swing-by trajectory to modify the trajectory of the small asteroid and hence enhance the resulting momentum transfer. Because the mass of the small asteroid is much larger than that of the spacecraft, this deflection method can in principle leverage more efficient asteroid deflection strategies. It should be noted that this method requires an accurate dynamical model of the orbits and properties of the relevant bodies, and there must be a small asteroid in the database with the appropriate orbital elements and size.
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The classical gravity assist method has been studied extensively and is regarded as a basic tool for the design of low-energy interplanetary transfer trajectories [21] . Between entering and leaving the gravitational field of a planet, a spacecraft's heliocentric velocity can change significantly. An example of the classical gravity assist is to investigate the accessibility of main-belt asteroids [22] . However, due to their weak gravitational field, asteroids are not suitable for such maneuvers. Nevertheless, Penzo and Mayer [17] proposed the use of a tether to temporarily connect a spacecraft with an asteroid for a tethered fly-by maneuver. During the tethered flyby, the spacecraft is assumed to be attached to the asteroid with a tether, such that the spacecraft can swing around the asteroid through a large angle to yield a similar velocity change as a gravity assist from a planet or moon. Such tether dynamics were also utilized to study the possibility of tethering two asteroids, in order to capture one of them for resource extraction [18] . A similar idea of connecting a spacecraft to a moon in the circular restricted three-body problem has been proposed to achieve subsequent capture of the spacecraft by the planet [23] In this paper, momentum exchange theory, including both kinetic impacts and the use of tethered assist is applied to the capture of small asteroids into periodic orbits around the Sun-Earth L1 and L2 points. In the first capture strategy using kinetic impacts, the small asteroid leaves its initial orbit through an impulse delivered from a spacecraft and then approaches a large target asteroid. Accordingly, the small asteroid then collides with the large asteroid with an impact geometry such that the small asteroid will be captured onto the stable manifold associated with the Sun-Earth L1 or L2 points, thus leveraging the orbit energy of the large asteroid. In the capture strategy using the tethered assist, after a targeting impulse, the small asteroid approaches the large asteroid and then connects with the large asteroid through a tether; the tether is then released after the flyby maneuver. As a result, the small asteroid will again be transferred onto the stable manifold associated with the Sun-Earth L1 or L2 points. The key contributions of the paper are therefore in coupling momentum exchange strategies to invariant manifolds, dynamical models of the kinetic impact and the tether-assisted flyby. The paper then investigates optimizing these strategies to achieve low-energy capture of the small asteroid onto periodic orbits around the Sun-Earth L1 or L2
points.
The present paper is organized as follows. Section II presents the dynamical model of the circular restricted three-body problem, periodic orbits and the invariant manifolds; Section III studies the characteristics of the asteroids, including their mass, deflection windows and a list of candidate asteroids; Section IV describes the 6 detailed designed procedure of capturing small asteroids by impacting with large asteroids; finally, Section V studies the design procedure of asteroid capture using the tethered assist strategy.
II.

Dynamical model
In both asteroid capture strategies using momentum exchange, the small asteroid leaves its orbit and will be inserted onto the stable manifold associated with the periodic orbits of the Sun-Earth L1 or L2 points after the momentum exchange encounter. During the transfer from the asteroid orbit to the stable manifold, the motion of the asteroid is considered in the Sun-asteroid two-body problem. When the small asteroid is captured onto the stable manifold, it will then be modelled by the Sun-Earth circular restricted three-body problem.
A. Circular restricted three-body problem
The motion of the asteroid (of negligible mass) is investigated in the gravitational field generated by two primary bodies, the Sun and Earth. Assuming that the Sun and Earth are in a circular orbit about their common center-ofmass, the dynamical model of the circular restricted three-body problem, centered at the barycenter, can be written as [24] 2 , 2 , The three-body mass ratio μ is assumed for this model to be The Jacobi constant J is then defined as [25] 2 2 2 2 ( , , , ) (
Moreover, there are five well-known equilibrium points in the circular restricted three-body problem, the Lagrange points or libration points, Li, (i = 1, …, 5). In this paper, L1 and L2 are the target libration points for the captured asteroids.
B. Periodic orbits and invariant manifolds
Due to the many potential applications of space missions in near-Earth space, periodic orbits around the collinear libration points have generated significant interest in recent years and have been studied extensively by many researchers [26] [27] [28] [29] [30] . Families of the periodic orbits exist in both two and three-dimensions, corresponding to the two common classifications of periodic orbits: halo orbits and Lyapunov orbits. One class of periodic orbits chosen for this work is the family of Lyapunov orbits. Based on the third-order Richardson expansion of periodic orbits [28] , the accurate initial state of a small Lyapunov orbit can be calculated through a numerical procedure, based on perturbation techniques, in order to correct the initial analytic estimates provided by the third-order expansion. Then the accurate initial state of the Lyapunov orbit is utilized as an initial guess for a new Lyapunov obit which can be calculated using differential correction with a slightly larger displacement in the amplitude in x-axis. Accordingly, this process can be repeated and thus families of Lyapunov orbits can be calculated by decreasing or increasing the associated Jacobi constant, as shown in Fig. 1 . 
III.
Characteristics of near-Earth asteroids
For the calculation of potential asteroid capture opportunities, the asteroid sample used for the analysis is the JPL Small-Body Database § . The database represents the known, catalogued asteroids including orbital elements and absolute magnitude. § Data available at https://ssd.jpl.nasa.gov/?sb_elem 9
A. Mass of asteroids
Due to absence of information on their size, shape, and density, the mass of an asteroid is typically not known. In general, the only information available is the absolute magnitude H of the asteroid, a parameter associated with its intrinsic brightness. If we assume that the near-Earth asteroid is a homogeneous sphere with density  and diameter D, the mass of the asteroid is given by [31] 
The diameter of an asteroid (D) can also be estimated from its absolute magnitude (H), such that [31] /5 1/2 1329km 10
The lower the value of H, the larger the size of the asteroid. However, Eq. (4) also requires that the asteroid's albedo pv is known. Since the albedo for most asteroids is unknown, the albedo range is usually assumed to be between 0.05 and 0.25. Here we assume that pv = 0.154 [31] .
B. Deflection windows
For a small candidate asteroid, feasible capture transfers will be obtained in the date interval 2020-2100 with the first synodic period of the asteroid considered. The orbital elements of the asteroids are also assumed to be valid until their next close encounter with the Earth. To clarify how close approaches can affect the orbital elements of the asteroids, we select 0.4 AU as a threshold distance between the Earth and asteroid, approximately corresponding to the threshold  = π/8 in Section II.B. Beyond this distance, the gravitational influence of the Earth is considered to be small. Once the distance between the Earth and the asteroid is less than 0.4 AU, the orbital elements of the asteroid will be assumed to change. Thus, we define the date when the distance between the Earth and the asteroid is 0.4 AU as a threshold date. Given one small asteroid and one large asteroid, the threshold dates of the small asteroid and the large asteroid are denoted as Ts and Tl, respectively. Therefore, the domain of the impulse date (T0) to deflect the small asteroid from its natural orbit and the flight time Furthermore, we set D  40 m (H  24.7) as a threshold on asteroid size since captured asteroids may also be a potential impact threat to Earth. Objects of 40 m in diameter can be considered as the critical threshold above which the Earth's atmosphere will no longer disintegrate the object [15] . Considering this filter criteria, the candidate small asteroids should therefore have H  24.7.
In order to minimize the influence of the impact on the large asteroid, and so guarantee that the large asteroid orbit is almost unchanged before and after the encounter, we expect the mass of the large asteroid should be at least two orders of magnitude greater than that of the small asteroid such that
Considering a large asteroid with H > 22 and a mass ratio of the two asteroids as defined in Eq. (6), the small asteroid should be selected such that H > 25.33. All candidate large asteroids and small asteroids are shown in Fig.   3 .
IV.
Small asteroid capture through impact of a large asteroid
In this section, kinetic impact theory is applied to the capture of asteroids. In this capture strategy, the small asteroid leaves its initial orbit through an impulse from a spacecraft and then approaches a large target asteroid. At interception, the small asteroid collides with the large asteroid with impact geometry such that the small asteroid is deflected, and subsequently captured onto the stable manifold associated with the Sun-Earth L1 or L2 points, thus leveraging the orbit energy of the large asteroid. Figure 4 shows an overview of the strategy for capturing a small asteroid by the impact of a large asteroid. The mission scenario consists of the following steps: with the first impulse v1, the small asteroid leaves its orbit and will approach the vicinity of the target large asteroid; then the small asteroid collides with the large asteroid and immediately after collision a second impulse v2 is required for a Lambert arc to intersect the stable manifold associated with the Sun-Earth L1 or L2 point; with the third impulse v3, the small asteroid is captured onto the stable manifold associated with the Sun-Earth L1 or L2 point.
A. Problem statement
Given one small asteroid and one large asteroid, there are 6 variables in the solution space: the date (T0) of the first impulse v1, the flight time (Tfly1) of the small asteroid between the first impulse and the impact, the flight time (Tfly2) of the small asteroid between the collision and the impulse v3 for insertion onto the stable manifold, the Jacobi constant (J) of the target periodic orbit around the Sun-Earth L1 or L2 point, the parameter (tp) determining the point on the periodic orbit where the stable manifold is calculated from, and the stable manifold transfer time (tm) determining the point on the stable manifold where the small asteroid inserts onto it. 
B. Collision geometry
In practice, the small asteroid needs to accurately target an impact point on the large asteroid. Moreover, the masses of the two asteroids and the momentum exchange parameter between the asteroids are major uncertainties.
Therefore, high-precision navigation and pre-launch characterization and identification of the asteroid properties are necessary. We note that such uncertainties are clearly important, but we do not consider them in this paper whose aim is to define the overall capture strategy.
The collision geometry of a small asteroid with a large asteroid is shown schematically in Fig. 5 . The unit normal vector n is along the center-of-mass of the two asteroids and the unit tangent vector  is perpendicular to n. It will be assumed that the collision point is on the line n along the mass centers of the two asteroids and so we only consider the dynamics of the two asteroids in the direction of n. According to the conservation of linear momentum, the velocity of the small asteroid after collision is given by [33] (1 ) ( )
where () Therefore, Eq. (7) can be written as
where the coefficient of restitution k is assumed to be 1 for a perfectly elastic collision. The relative velocity between the two asteroids in direction n can then be written as
This relative velocity is key to estimating whether the small asteroid will remain intact or not after the collision.
Here we denote 
Therefore, the total cost can be written as 
C. Analysis of impact mechanics
The relative kinetic energy E of the large asteroid and the small asteroid at collision can be written as 
Assuming that the large and small asteroid have the same composition, the relative kinetic energy is partitioned in equal parts between the two asteroids [34] . If the small asteroid is shattered, the size of the largest fragment as a fraction of the original mass is given by [35, 36] 
The model of the impact strength in Eq. (17) consists of two components: the first part is related to the material properties of the small asteroid and the second part is due to its self-compressional strength. For asteroids with diameters less than approximately 10 km, the compressive strength can be ignored compared to the material strength so that 0 ss SS  [38] .
If the small asteroid remains intact after collision, its initial orbit to transfer to the large asteroid, the ablative materials or air-bags could be installed by the spacecraft on the surface of the small asteroid where the collision of the two asteroids will occur. Once such active protection is installed, the ablative material or airbags could sacrificially protect the small asteroid form disruption. Clearly this would incur significant technical challenges which are not addressed here.
D. Selection of candidate large asteroids
In previous work [2, 6] , it is shown that the small asteroid can be captured onto periodic orbits at the Sun-Earth L1 or L2 points in a direct capture strategy by solving the Lambert arc problem between the small asteroid's initial orbit and the stable manifold associated with the periodic orbits at the Sun-Earth L1 or L2 points. In the direct capture strategy, the candidate asteroid is first assumed to leave its orbit with an initial maneuver and will then move onto the stable manifold of the Sun-Earth L1/L2 periodic orbit with a second maneuver. These two maneuvers can be calculated by solving a Lambert arc between the asteroid orbit and the stable manifold in the Sun-centered two-body problem. Finally, once the asteroid moves onto the stable manifold, it will then transfer to the target periodic orbit without any further maneuvers.
In this prior direct capture problem, there are 5 variables and optimal strategies for direct capture can be obtained by optimizing these variables. The optimal total cost of the direct capture strategy is denoted as V. Here we expect to capture the small asteroid by impacting the large asteroid with the total cost being lower than V. In order to find low energy capture trajectories for the small asteroid, we set V/2 as the threshold of the first impulse v1 and thus this critical value can be utilized as a selection criterion for the large asteroid. For the small asteroid, the Lambert transfer between the small asteroid and the large asteroid can then be optimized using sequential quadratic 
E. Design procedure and optimization
The design procedure is now as follows: one candidate small asteroid with H > 25.33 (e.g. 2008JL24) is first selected and then the corresponding candidate large asteroids can be found using the selection criteria in Section IV.D, as shown in Fig. 7 . Thus, one target large asteroid in Fig. 7 
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), the trajectory from the candidate small asteroid orbit to the large asteroid can be calculated as the heliocentric Lambert arc of a two-body problem. Thus, the first impulse v1 can then be obtained. Given the Jacobi constant J, tp and tm, the stable manifold associated with the target periodic orbit can then be calculated. Given the second flight time Tfly2, the transfer trajectory from the vicinity of the large asteroid to the stable manifold is designed by solving the Lambert arc and so 19 the third impulse v3 can be obtained. The second impulse v2 can then be optimized by using Eq. (12) and Eq. (13) and the entire transfer trajectory from the small asteroid orbit to the stable manifold can be designed, shown in Fig According to the design procedure stated above, the transfer trajectory from the small asteroid's initial orbit to the stable manifold can be designed and then the 6 variables can be optimized using NSGA-II, a global optimization method that uses a non-dominated sorting genetic algorithm [39] . In order to limit the total duration of the transfers, the Lambert arcs needed for designing the transfer from the small asteroid's orbit to the large asteroid and the transfer from the large asteroid's orbit to the stable manifolds are assumed to be up to 2 complete revolutions. The optimal results of small asteroid capture by impacting large asteroids are shown in Table 1 and Table 2, corresponding to metallic asteroids and basalt asteroids, respectively. For comparison, the direct capture of small asteroids onto bound periodic orbits around the Sun-Earth L1 and L2 points without impact can be designed directly from the asteroid orbit to the stable manifolds. The optimal results are also shown in Table 1 and Table 2 .
By comparison of the results with and without impacting the large asteroid in Table 1 , it can be seen that the capture of small asteroids by impacting large asteroids has the potential to reduce energy, especially for cases such as 2009BD, 2011UD21 and 2015VC2. Moreover, a range of large asteroids may be available when capturing the same small asteroid, e.g. when capturing 2008JL24. Furthermore, one small asteroid can be captured onto periodic orbits around either the Sun-Earth L1 or L2 points by impacting different large asteroids, e.g. 2013RZ53. This implies that the impact can increase the range of capture opportunities. However, due to the additional transfer time from the small asteroid orbit to the large asteroid orbit, the capture of the small asteroid using a large impacting asteroid always needs more flight time than a direct capture.
In this capture strategy, the collision of the small asteroid and large asteroid provides an impulsive maneuver for the small asteroid and it is the mechanics of this interaction that reduces the energy required for the capture strategy.
Therefore, the total cost of the capture strategy greatly depends on the threshold of the maneuver which is provided by the collision, while avoiding fragmentation of the asteroid. Furthermore, comparing the results in Table 1 and , the total cost of capturing some asteroids by impacting large asteroids can be even more than the direct capture strategy, e.g. 2008KT, 2012EP10 and 2015KK57. This is one drawback of the capture strategy of using a small asteroid to impact a large asteroid, since many of the small asteroids are thought to be rubble piles and thus the collision between these asteroids can only provide a limited maneuver. However, through the analysis in Section IV.C, if we capture one segment of an asteroid, not the entire asteroid, the collision can in principle deliver a much larger impulse. Moreover, the use of active protection (e.g. air bags) could in principle increase the value of
One of the challenges of this capture strategy is the uncertainty of the properties of the candidate asteroids, including their shape, mass and material properties. Therefore, pre-launch observations using the radar and 23 optical/infrared telescopes are required to provide good estimates of these parameters [40, 41] . Moreover, in-situ asteroid exploration missions, including the flyby and rendezvous, can also be viewed as an effective way to address these uncertainties [42] . An accurate navigation and control strategy would be also required to guarantee that the candidate small asteroid impacts the large asteroid with the correct collision geometry to achieve the required maneuver for asteroid capture.
V.
Small asteroid capture by tether-assisted flyby of large asteroids
Another momentum exchange strategy to transfer small asteroids onto the stable manifold associated with the Sun-Earth L1 or L2 points is to use a tethered assist. In this capture strategy, the small asteroid approaches the large asteroid and then connects to the large asteroid through a tether, such that the tether is released after the flyby.
Again, the small asteroid will be transferred onto the stable manifold associated with the Sun-Earth L1 or L2 points. Fig. 9 Overview of small asteroid capture using tether-assisted fly-by.
A. Statement of the problem
A schematic of the tether-assist strategy is shown in Fig. 9 . The mission scenario consists of the following steps:
with the first impulse v1, the small asteroid leaves its initial orbit and will then approach the target large asteroid; the small asteroid connects to the large asteroid by a tether until it is released so that the second impulse v2 is added; with the third impulse v3, the small asteroid is captured onto the stable manifold associated with the SunEarth L1 or L2 points.
For this strategy, given one small asteroid and one large asteroid, there are now 7 variables in the problem: the date (T0) of the first impulse v1, the flight time (Tfly1) of the small asteroid to reach the vicinity of the large asteroid, the tether connection time (Ttether), the flight time (Tfly2) of the small asteroid between the moment when the small asteroid is released and the moment when the small asteroid injects onto the stable manifold, the Jacobi constant (J) of the target periodic orbit around the Sun-Earth L1 or L2 point, the parameter (tp) determining the point on the periodic orbit where the stable manifold is calculated from, and the stable manifold transfer time (tm) which determines the point on the stable manifold where the small asteroid inserts onto it. It should be noted that if the connection of the two asteroids is instantaneous and thus Ttether  0, then there are only 6 variables required to define the problem.
B. Dynamical model during tether-assisted fly-by
In this problem, it is assumed that a spacecraft is first launched and then achieves a rendezvous with each asteroid to prepare an anchor point using a penetrator or a surrounding net or bag [17] . As the small asteroid approaches the vicinity of the large asteroid, the two anchor points are assumed to be connected by a tether. The spacecraft-asteroid tether attachment is assumed to occur when the velocity vector is exactly perpendicular to the radius vector between the two asteroids. Therefore, high-precision navigation is clearly required, but again will not be considered here.
Since the mass ratio of the two asteroids is large (Eq. (6)), here we assume that the large asteroid's orbit during the small asteroid fly-by is unchanged. Before the flyby, the relative velocity of the small asteroid with respect to the large asteroid can therefore be written as
Considering the relative velocity release v of the small asteroid with respect to the large asteroid when released, we have
and so the velocity vector of the small asteroid after the flyby can be written as
Moreover, vLam is again the velocity vector of the small asteroid required for the Lambert arc to the stable manifold after the fly-by, the second impulse can therefore be written as
where
The minimum value of the second impulse is then found to be 2min 2 min( ) = min( )
when release v has the same direction as  v . Therefore, the total cost can be written as
C. Analysis of the tether forces
When the small asteroid connects to the large asteroid via the tether, the small asteroid has a relative velocity of It is assumed now that small asteroid-to-tether mass ratio is 20-to-1, i.e., the mass of the smaller asteroid is at least twenty times larger than that of the tether [18] . From Eq. (29), we can note that the characteristic velocity of the tether has a substantial effect on the threshold of 
D. Selection strategy for candidate asteroids
Here we again suppose that V/2 is the threshold of the magnitude of the first impulse v1. Therefore, the threshold of the first impulse v1 and the threshold of the relative velocity sl v between the two asteroids when they approach can be utilized as the selection criteria for the large asteroid. For the small asteroid, the Lambert transfer to the large asteroid can again be optimized using SQP. Single objective optimizations with the first impulse v1 as a cost function can then be carried out. There are again 2 variables in the optimization problem: T0 and Tfly1. 
E. Design procedure and optimization
The design procedure is as follows: one candidate small asteroid with H > 25.33 (e.g. 2008JL24) is first selected.
Then the set of the candidate large asteroids can be obtained using the selection criteria in Section V.D and thus one target large asteroid is selected. Given the deflection date T0 and the first flight time Tfly1 
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), the trajectory from the candidate small asteroid orbit to the large asteroid can again be calculated as the heliocentric Lambert arc of a two-body problem (Lambert arc I), and thus the first impulse can then be obtained. Then the small asteroid connects to the large asteroid via the tether until it is released.
Given the Jacobi constant J, tp and tm, the stable manifold associated with the target periodic orbit can be calculated.
Given the flight time Tfly2, the transfer trajectory from the vicinity of large asteroid to the stable manifold is designed by solving a Lambert arc (Lambert arc II) and so the third impulse can be obtained. The second impulse can then be optimized by using the Eq. (24) and so the entire transfer trajectory can be designed, as shown in Fig. 10 . results for capturing these four asteroids with the Carbon nanotube tether assist show cost savings of order 60%-80%, compared with capture without it. On the other hand, asteroid capture with the Zylon tether assist also has the potential to reduce the total capture cost, as shown in Table 4 . However, this saving in total cost incurs a longer flight time. This is mainly due to the extra flight time due to the transfer from the small asteroid orbit to the large asteroid orbit.
Comparing the results of Table 3 and Table 4 , we can conclude that the tether material plays a crucial role in this asteroid capture strategy. A higher characteristic velocity means a larger threshold of the relative velocity between the two asteroids and thus larger savings in the total cost of capturing candidate small asteroids. Moreover, since the threshold of the velocity between the two asteroids is utilized as a filter criterion, the higher characteristic velocity allows more candidate large asteroids to be considered when capturing the same small asteroid. Consequently, with a tether assist of higher characteristic velocity, more small asteroids can be captured with a total cost less than that for the direct capture, as shown in Table 3 and Table 4 . This is the main limitation of the small asteroid capture strategy using the tether-assist: the Carbon nanotube tether cannot yet be applied to practical engineering problems, however increases of the characteristic velocity of current tether materials can be foreseen [44] . Therefore, with the improvement of the tether materials, the capture of asteroids using tether assist can in principle save energy compared to more direct strategies. Table 1 and Table 3 show the results of the two asteroid capture strategies investigated in this paper. Comparing the results of the two strategies, we note that the capture strategy using a tethered-assist flyby has the potential to achieve much lower energy capture than the capture strategy using kinetic impacts, e.g. 2008JL24, 2009BD, 2012EP10 and 2013RZ53. Nevertheless, due to the additional filter criteria in the asteroid capture strategy using tether assist, the capture strategy using kinetic impact in principle enables a wider range of candidate large asteroids to capture the same small asteroid, e.g. 2008JL24, 2009BD and 2012EP10.
In this capture strategy, the main challenge is the limitation of the tether material since the efficiency and feasibility of the capture strategy is strongly dependent on the tether material properties. The ratio of tether material strength to weight is of key importance to the performance of the tether. A number of materials have been developed to increase the ratio of material strength to weight and some tether materials, including Spectra and Zylon, with a high strength-to-weight ratio have been proposed for other tether missions, e.g. Mars missions with tether assists [43, 45] . Current research on Carbon nanotubes suggests remarkable potential for tether materials in the future [18, 31 46] . The shape of the tether also has an influence its performance and it has been demonstrated that a tapered tether can improve performance for tether missions [47] . Moreover, an accurate navigation and control strategy is also required to ensure that the candidate small asteroid connects reliably to the large asteroid by tether.
VI. Conclusion
Momentum exchange has been proposed to efficiently capture small asteroids into periodic orbits around the Sun-Earth L1 and L2 points. The results presented show that momentum exchange can achieve more efficient capture of some asteroids relative to direct manifold capture strategies. On the other hand, the flight time for asteroid capture using momentum exchange is longer than that for direct capture. By comparing the results for asteroid capture using kinetic impacts and asteroid capture using a tether assist, it has been shown that the kinetic impact strategy offers more candidate large asteroids when capturing the same small asteroid. However, the use of a high-stress tether assist can lead to a substantial saving in total cost, compared with small asteroid capture suing kinetic impacts.
Future improvements in tether materials will produce more attractive results for this strategy.
The methods proposed in this paper are intended to be used as a preliminary analysis of these asteroid capture strategies. The shape, mass and material properties of the candidate asteroids are the major source of uncertainty.
Therefore, pre-launch characterization and observation would be required to identify the geometry and composition of the target asteroids, while high precision navigation and orbit control would be required to ensure the correct geometry for momentum exchange, either through an impact or coupling via a tether.
